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1. Introduction
The extraction of the proton radius from muonic hydrogen (µH) spectroscopy relies on a
comparison between measured transition frequencies in the hydrogen atom [1] and theoretical pre-
dictions for the hydrogen spectrum. The description of the classic 2P−2S Lamb shift and the 2S
hyperfine splitting (HFS) in µH is given by (in units of meV) [2]:
∆E thLS = 206.0336(15)−5.2275(10)(RE/fm)2+∆ETPELS , with ∆ETPELS = 0.0332(20), (1.1a)
∆E th2SHFS = 22.9763(15)−0.1621(10)(RZ/fm)+∆Epol2SHFS , with ∆Epol2SHFS = 0.0080(26), (1.1b)
where RE is the proton charge radius, RZ is the Zemach radius, and ∆ETPELS together with ∆E
pol
2SHFS
are proton structure effects beyond leading order (LO). We investigate both the finite-size and the
polarizability effects on the HFS.
2. Finite-size effects by dispersive technique
l
N
F1 − 1, F2
Figure 1: One-photon exchange with form factor dependent electromagnetic vertex. Here, l represents the
lepton and N the nucleon.
In a recent paper [3], we study the applicability of the expansion of finite-size corrections to
the Lamb shift in moments of the charge distribution. We now present an extension of this work to
the HFS.
Figure 1 shows the one-photon exchange in an atomic bound state. It can be calculated using
the electromagnetic vertex:
Γµ = Zγ µF1(Q2)− 12M γ
µνqνF2(Q2), (Z = 1 for the proton) (2.1)
with the proton structure information embedded in the Dirac and Pauli form factors, F1 and F2, and
the photon propagator in massive Coulomb gauge:
∆µν(q, t) =− 1q2
[
gµν − 1q2+ t
(
qµqν −χµqν −χνqµ
)]
, with χ = (0,q). (2.2)
Assuming that the nucleon form factors fulfill once-subtracted dispersion relations,(
F1(Q2)
F2(Q2)
)
=
(
1
κ
)
+
q2
pi
ˆ ∞
t0
dt
t(t−q2) Im
(
F1(t)
F2(t)
)
, (2.3)
2
Proton structure in the hyperfine splitting of muonic hydrogen Franziska Hagelstein
with t0 being the lowest particle-production threshold and q2 =−Q2 the virtuality of the exchanged
photon, we can deduce the following one-photon exchange (coordinate space) Breit potential:
VF.S.(r, t) =
Zα
pir
ˆ ∞
t0
dt
t
e−r
√
t ImGE(t), (2.4a)
V l=0HFS,a(r, t) =
Zα
3
1+κ
mM
[
f ( f +1)− 3
2
]
4pi δ (r), (2.4b)
V l=0HFS,b(r, t) = −
4Zα
3
1+κ
mM
[
f ( f +1)− 3
2
](
δ (r)
ˆ ∞
t0
dt
t
ImGM(t)
1+κ
−piρM(r)
)
, (2.4c)
...
where we substituted the electric and magnetic Sachs form factors:
GE(Q2) = F1(Q2)− τF2(Q2), GM(Q2) = F1(Q2)+F2(Q2), (2.5)
with τ =Q2/4M2. Hereinafter, m refers to the muon mass, M is the proton mass, κ is the anomalous
magnetic moment of the proton, l is the orbital angular momentum (l = 0 for S-waves), f is the
atom’s total angular momentum and ρM is the magnetization density:
ρM(r) =
ˆ
dQ
(2pi)3
GM(Q2)
1+κ
eiQ·r =
1
(2pi)2 r
ˆ ∞
t0
dt
ImGM(t)
1+κ
e−r
√
t . (2.6)
At 1st-order in time-independent perturbation theory (PT), the Lamb shift due to the Yukawa-
type correction in Eq. (2.4a) is given by:
EFSE(1)LS = −
Zα
2pia3
ˆ ∞
t0
dt
ImGE(t)
(
√
t+Zαmr)4
, (2.7a)
= − Zα
12a3
∞
∑
k=0
(−Zαmr)k
k!
〈rk+2〉E , (2.7b)
or equivalently,
EFSE(1)LS =
ˆ ∞
0
dQwE(Q)GE(Q2), with wE(Q) =−4Zαpia4
Q2
[
(Zαmr)2−Q2
]
[(Zαmr)2+Q2]4
, (2.8)
where mr is the reduced mass of the muon-proton system and a = (Zαmr)−1 is the Bohr radius.
In deriving Eq. (2.7b), we have expanded in the moments of the charge distribution, using the
following (Lorentz-invariant) definition:
〈rN〉E = (N+1)!pi
ˆ ∞
t0
dt
ImGE(t)
tN/2+1
, where RE =
√
〈r2〉E . (2.9)
However, from the denominator of Eq. (2.7a) one can see that the convergence radius of the power-
series expansion is limited by t0, i.e., the proximity of the nearest particle-production threshold.
The exact (non-expanded) finite-size effect on the Lamb shift, cf. Eq. (2.8), is the result of large
cancelations around the Bohr radius scale, see Fig. 2. We conclude that soft contributions to the
proton or lepton electric form factor, at energies comparable to the inverse Bohr radius, can break
3
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Figure 2: Integrand of the 1st-order PT contribution to the Lamb shift [cf. Eq. (2.8)] of eH (blue dash-dotted
line) and of µH (red solid line) for the dipole FF, GE p = (1+Q2/0.71GeV2)−2. The dotted vertical lines
indicate the inverse Bohr radii of the two hydrogens, while the vertical dashed line indicates the onset of the
elastic electron-proton scattering data.
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Figure 3: Integrand of the 1st-order PT contribution to the 2S HFS [cf. Eqs. (2.10) and (2.11b)], where
wM(Q) =
4EF (2S)
pia
Q2[(Zαmr)2−Q2][(Zαmr)2−2Q2]
[(Zαmr)2+Q2]
4 , of eH (blue dash-dotted line) and of µH (red solid line) for
the dipole FF, GMp = (1+κ)(1+Q2/0.71GeV2)−2. The dotted vertical lines indicate scales related to the
inverse Bohr radii of the two hydrogens, particularly 1/a and 1/
√
2a , while the vertical dashed line indicates
the onset of the elastic electron-proton scattering data.
down the expansion, and accordingly, limit the usual accounting of finite-size effects which is
presented in Eq. (1.1a). Therefore, one has to know all the soft contributions to the proton electric
form factor to high accuracy for an accurate extraction of RE from the Lamb shift in µH.
Analogously, we establish the exact finite-size effect on the HFS, starting from the spin-
dependent part of the Breit potential, cf. Eqs. (2.4b) and (2.4c). Treating the potential (2.4b) at
4
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1st-order in PT, we reproduce the LO HFS, which is given by the well-known Fermi energy:
EF(nS) =
8Zα
3a3
1+κ
mM
1
n3
n=2
= 22.8054meV. (2.10)
Applying 1st-order PT to Eq. (2.4c) leads to:
EHFS,b(1)2SHFS = −
EF(2S)
pi
ˆ ∞
t0
dt
(
1
t
− 2t+(Zαmr)
2
2[
√
t+Zαmr]4
)
ImGM(t)
1+κ
, (2.11a)
= −EF(2S)
{
1− 4
pia
ˆ ∞
0
dQ
Q2
[
(Zαmr)2−Q2
][
(Zαmr)2−2Q2
]
[(Zαmr)2+Q2]4
GM(Q2)
1+κ
}
, (2.11b)
= −EF(2S)
{
1−8pia3
ˆ ∞
0
dr r2
[
R20(r)
]2ρM(r)} , (2.11c)
with the radial Coulomb wave function R20(r) = 1/
√
2a3/2 (1− r/2a)e−r/2a. Reading off Eqs. (2.11c)
and (2.10), the combined 1st-order result is entirely expressed as an integral over the magnetization
density. The corresponding integrand is plotted in Fig. 3 for the dipole FF. Again, one observes an
enhancement of the integrand for small values of Q, which emphasizes the necessity for an exact
evaluation of soft contributions to the form factors.
3. Polarizability contribution to the HFS
In this section, we give a baryon chiral perturbation theory (BChPT) prediction for the pion
contribution to the polarizability effect on the 2S HFS in µH, cf. ∆Epol2SHFS from Eq. (1.1b).
Figure 4: TPE diagram in forward kinematics: the horizontal lines correspond to the lepton and the proton
(bold), where the “blob” represents forward doubly-virtual Compton scattering.
Figure 4 shows the (forward) two-photon exchange (TPE) in an atomic bound state, which
contributes to the HFS and the Lamb shift at next-to-leading order. Fading out the lepton line
in Fig. 4, one obtains the doubly-virtual Compton scattering process (VVCS). For the required
accuracy, O(α5), it is sufficient to study only the forward limit, i.e., q′ = q (hence, p′ = p, t =
0). The tensor decomposition of the forward VVCS amplitude then splits into symmetric and
antisymmetric parts:
T µν(q, p) = T µνS +T
µν
A , (3.1a)
T µνS (q, p) = −gµνT1(ν ,Q2)+
pµ pν
M2
T2(ν ,Q2), (3.1b)
T µνA (q, p) =
1
M
γ µναqαS1(ν ,Q2)− Q
2
M2
γ µνS2(ν ,Q2), (3.1c)
5
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with T1,2 the spin-independent and S1,2 the spin-dependent invariant amplitudes, functions of the
photon (lab-frame) energy ν and the photon virtuality Q2 = −q2. The spin-dependent part of
the Compton process contributes to the HFS, whereas the spin-independent part contributes to the
Lamb shift. The TPE correction to the HFS of the n-th S-level is given by [4]:
EpolnSHFS =
mEF(nS)
2(1+κ)pi4
1
i
ˆ ∞
0
dν
ˆ
dq
1
Q4−4m2ν2
{(
2Q2−ν2)
Q2
S1(ν ,Q2)+3
ν
M
S2(ν ,Q2)
}
, (3.2)
where EF is the hydrogen Fermi energy, i.e., the LO HFS. The TPE can be divided into an “elastic”
and an “inelastic” part. As mentioned previously, we are only interested in the “polarizability”, or
“inelastic”, contribution given by the non-Born part of the Compton amplitudes.
All invariant amplitudes are related to photoabsorption cross sections by sum rules, however,
the amplitude T1 requires a once-subtracted dispersion relation. Therefore, in contrast to the HFS,
the polarizability contribution to the Lamb shift is not determined by empirical information (on
nucleon form factors, and structure functions or photoabsorption cross sections) alone and requires
a rigorous theoretical input. Such an input has been provided by the recent BChPT calculation of
Alarcón et al. [5]. We extend this calculation to the HFS, where the BChPT framework is put to the
test by the available dispersive calculations [4, 6, 7, 8, 9]. Moreover, we address the contributions
to the HFS by pion exchange, which are off-forward and not covered by Eq. (3.2).
3.1 BChPT at leading order
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn
(b) (c)(a)
(d) (e) (f)
(g) (h) (j)
of two scalar amplitudes:
T µν(P, q) = −gµν T1(ν2, Q2)+ P
µPν
M2p
T2(ν2, Q2), (5)
with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.
Going back to the energy shift one obtains [12]:
"EnS = αem φ
2
n
4π3mℓ
1
i
∫
d3q
∞∫
0
dν
× (Q
2 − 2ν2) T1(ν2, Q2)− (Q2 + ν2) T2(ν2, Q2)
Q4[(Q4/4m2ℓ)− ν2]
. (6)
In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:
Ti = T (B)i + T (NB)i . (7)
The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:
T (B)1 =
4παem
Mp
[
Q4(FD(Q2)+FP (Q2))2
Q4−4M2pν2
−F2D(Q2)
]
, (8a)
T (B)2 =
16παem Mp Q2
Q4 − 4M2pν2
[
F2D(Q2)+
Q2
4M2p
F2P (Q2)
]
. (8b)
In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.
Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:
T (NB)1 (ν
2, Q2)
= T (NB)1 (0, Q2)+
2ν2
π
∞∫
ν0
dν′ σT (ν
′, Q2)
ν′2 − ν2 , (9a)
T (NB)2 (ν
2, Q2)
= 2
π
∞∫
ν0
dν′ ν
′ 2 Q2
ν′2 + Q2
σT (ν
′, Q2)+ σL(ν′, Q2)
ν′2 − ν2 , (9b)
with ν0 = mπ + (m2π + Q2)/(2Mp) the pion-production
threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].
Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:
"E (pol)2S = −8.16 µeV. (10)
This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:
"E (pol)2S (LO-HBχPT) = −18.45 µeV. (11)
We postpone a detailed discussion of this difference till
Sect. 4.
123
Figure 5: The TPE diagrams of elastic lepton-nucleon scattering to O(p3) in BChPT. Diagrams obtained
from these by crossing and time-reversal symmetry are not drawn. Reproduced from Ref. [5].
The pion-nucleon loop contribution to the HFS, shown in Fig. 5, is evaluated based on Eq. (3.2).
Substituting the Compton amplitudes from Ref. [5], we obtain the 2S HFS in µH:
E(piN loops)2SHFS = 0.85±0.42µeV. (3.3)
This is the pure “polarizability” contribution, i.e., corrections due to elastic form factors have been
subtracted. Figure 6 shows the dependence of the pion-nucleon loop polarizability contribution
(green line) on a momentum-cutoff. We estimate the error with 50%, what is illustrated by the
green band.
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Fig. 1 The two-photon
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lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn
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Q4−4M2pν2
−F2D(Q2)
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, (8a)
T (B)2 =
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[
F2D(Q2)+
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4M2p
F2P (Q2)
]
. (8b)
In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.
Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:
T (NB)1 (ν
2, Q2)
= T (NB)1 (0, Q2)+
2ν2
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ν0
dν′ σT (ν
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T (NB)2 (ν
2, Q2)
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hence establish that one is to calculate the ‘elastic’ con-
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the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].
Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:
"E (pol)2S = −8.16 µeV. (10)
This is quite different from the corresponding HBχPT result
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123
=
Pion-Nucleon-Lo p  
Contribution
Fermi - Energy:

EF (2S) =
1
3
Z↵
a3
1 + 
mM
= 22.8054 meV
cutoff dependence:
Figure 6: Cutoff-dependence of the pion-nucleon loop contribution. Here, ∆1 and ∆2 represent the con-
tributions due to S1 and S2, respectively. ∆pol is the sum of ∆1 and ∆2. The dashed lines are without
momentum-cutoff.
3.2 Remarks on pi0 exchange
l
N
π 0
Figure 7: pi0 exchange in an atomic bound state. Here, l represents the lepton and N the nucleon.
Figure 7 shows the neutral-pion exchange in an atomic bound state. This process is vanish-
ing in the forward limit, but gives a O(α6) contribution for off-forward scattering. For the HFS
contribution we obtain:
E(pi
0)
nSHFS =−EF(nS)
α2
2pi(1+κp)
mr
mpi
gpiNN
[
gpi``+
m
2pi2 fpi
I(κ)
]
, (3.4)
where κ = mpi/2m, and
I(κ)≡ 2
ˆ ∞
0
dζ
1+ζ/κ
arccosζ√
1−ζ 2 . (3.5)
Note that the first term is due to the diagram with the pion directly coupling to the lepton and the
second term is due to the diagram with two-photon coupling to the lepton. The pi`` coupling can
be extract from the decay width of pi0→ e+e−:
Γ(pi0→ e+e−) = mpi
8pi
√
1− 4m
2
e
m2pi
∣∣F(m2pi ,m2e ,m2e)∣∣2, (3.6)
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with mpi and me being the mass of pion and electron, respectively. Since the pi`` coupling is given
by:
gpi`` = F(0,m2` ,m
2
`)/α
2, (3.7)
an interpolation between the pion momenta q2 = 0 and m2pi is required. To leading order in α , the
form factor might be written as:
F(q2)≡ F(q2,m2` ,m2`) = F(0)+
q2
pi
ˆ ∞
0
ds
s
ImF(s)
s−q2 , (3.8a)
ImF(s) = −α
2m`
2pi fpi
arccosh(
√
s/2m`)√
1−4m2`/s
, (3.8b)
F(0) =
α2m`
2pi2 fpi
(
A (Λ)+3ln
m`
Λ
)
, (3.8c)
where fpi is the pion-decay constant, Λ is the renormalization scale, and A is a universal pion-
lepton low-energy constant, related to the physical constant in an obvious way:
gpi`` =
m`
2pi2 fpi
A (m`). (3.9)
From the experimental pi0 → e+e− decay width one finds: A (me) = −20(1). The value of the
muon coupling we then find as: A (m) = A (me)+ 3ln(m/me) = −4(1), with the muon mass m.
The piNN coupling can be approximated by the Goldberger-Treiman relation:
gpiNN = MgA/ fpi , (3.10)
with the axial coupling gA ≈ 1.27 and fpi ≈ 92.4MeV. Finally, the HFS of the 2S level in µH
amounts to:
E(pi
0)
2SHFS = 0.02±0.04µeV. (3.11)
Recently, the effect of the pion exchange has also been estimated by Zhou et al. [10]. They
find the diagram with two-photon coupling (cf. Fig. 7) to dominate, and arrive at a two orders of
magnitude larger contribution: E(pi
0)
2SHFS = 2.8µeV. However, they simply evaluated the ultraviolet-
divergent loop in Fig. 7 by imposing an arbitrary cutoff and did not check whether their result is
consistent with the pi0→ e+e− decay width.
4. Discussion and conclusion
Combining the individual pion contributions, Eqs. (3.11) and (3.3), we arrive at:
E(pi
0 &piN loops)
2SHFS = 0.87±0.42µeV. (4.1)
Figure 8 shows a comparison between our BChPT prediction for the polarizability contribution to
the 2S HFS in µH and other predictions based on dispersive approaches [4, 6, 7, 8, 9]. Apparently,
the two methods do not give consistent results; our prediction is considerably smaller.
8
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Figure 8: Comparison of predictions for the 2S HFS in µH. The dispersive calculations are from Refs. [4,
6, 7, 8, 9].
However, one should mention that the LO BChPT prediction for the Lamb shift [5] is in good
agreement with dispersive calculations, e.g., [12, 13]. Despite the fact that the Lamb shift calcula-
tions involve a so-called “subtraction term”, corresponding to the subtraction in the T1 dispersion
relation, which can only be modeled within the dispersive approaches.
For future work, one has to investigate if there are higher-order corrections contributing non-
negligibly to the BChPT prediction, e.g., through the ∆-excitation.
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